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Abstract
Parker’s solar wind solution, whether it turns into a breeze or a
supersonic wind depending on the pressure in the interstellar medium,
is shown to describe the solar wind to actually start in a stable way
as it leaves the solar surface from a state of rest.
1
1 Introduction
Parker1 gave an ingenious stationary model which provided for the smooth ac-
celeration of the stellar wind through transonic speeds by continually converting
the thermal energy into the kinetic energy of the wind. In the case of the Sun,
the solar wind was confirmed and its properties were recorded by in situ obser-
vations (see Meyer-Vernet2). The reent incoming data from the Parker Solar
Probe has been providing a lot of useful information on the conditions in the so-
lar corona (see Fisk and Kasper3). The stellar rotation is found to lead to faster
stellar winds and hence enable protostars and strong rotators to lose their angu-
lar momentum quickly via the mechanism of centrifugal and magnetic driving
(Shivamoggi4).
The stability of the steady solar wind solution given by Parker is an impor-
tant question and some attempts have been made to shed light on the stability
of Parker’s supersonic solar wind solution (Jockers,5 Velli6). Here, we show that
Parker’s solar wind solution describes the wind to actually start in a stable way
as it leaves the solar surface from a state of rest (or uniform motion).
2 Stability of the Parker Solar Wind Solution
Near the Solar Surface
Parker’s hydrodynamic model1 assumes the solar wind to be represented by a
spherically symmetric flow so the flow variables depend only on r, the distance
from the star. The flow velocity v is taken to be only in the radial direction -
either inward (accretion model) or outward (wind model). We assume for ana-
lytical simplicity that the flow variables and their derivatives vary continuously
so there are no shocks anywhere in the region under consideration. We now
consider an unsteady version of Parker’s model.
The mass conservation equation is
r2
∂ρ
∂t
+
∂
∂r
(
r2ρ
)
v + r2ρ
∂v
∂r
= 0. (1)
Assuming the gravitational field to be produced by a central mass Ms, Eu-
ler’s equation of momentum balance is (in usual notation),
ρ
(
∂v
∂t
+ v
∂v
∂r
)
= −
∂p
∂r
−
GMs
r2
ρ (2)
G being the gravitational constant.
We assume the gas flow to occur under isothermal conditions, so
p = a2ρ (3)
a being the constant speed of sound.
Near the solar surface, we assume the wind to start from a state of rest, we
assume solutions of the form,
2
ρ(r, t) = ρ0(r) + ρˆe
−iωt
v(r, t) = vˆ(r)e−iωt
(4)
and assume the perturbations, denoted by hats overhead, to be small. Equations
(1)-(3), then give
d
dr
(
r2
dρˆ
dr
)
+
GMs
a2
dρˆ
dr
+
ω2
a2
(r2ρˆ) = 0 (5)
which may be rewritten as the Sturm-Liouville equation,
d
dr
[
f(r)
dρˆ
dr
]
+ ω2g(r)ρˆ = 0 (6)
where,
f(r) ≡ r2e−
GMs
a2r > 0
g(r) ≡
r2
a2
e−
GMs
a2r > 0
(7)
The Sturm-Liouville theory (Birkhoff and Rota7) shows that the eigenvalues
of a symmetric operator (as in equation (6)) are real. Therefore, ω2 is real.
Taking the complex conjugate of equation (6), we have
d
dr
[
f(r)
d ¯ˆρ
dr
]
+ ω2g(r)¯ˆρ = 0 (8)
Assuming the boundary conditions,
r = rs,∞ : ρˆ = 0 (9)
we obtain from equations (6) and (8),
−
∫
∞
rs
f(r)
∣∣∣∣dρˆdr
∣∣∣∣
2
dr + ω2
∫
∞
rs
g(r) |ρˆ|
2
dr = 0 (10)
rs being the Sun’s radius. (10) implies that ω
2 > 0, so ω is real.
This establishes that Parker’s solar wind solution describes the wind to ac-
tually start in a stable way as it leaves the solar surface from a state of rest.
3 Effect of Stellar Rotation on Stability of the
Parker Solar Wind Solution
Assuming that the solar wind to be in a state of co-rotation with the Sun (the
recent published observations by the Parker Solar Probe (Kasper et al.8) indi-
cated solar wind to be coupled with solar rotation much more strongly than what
was believed until now), Euler’s equation of momentum balance now becomes
3
ρ(
∂v
∂t
+ v
∂v
∂r
)
= −a2
∂ρ
∂r
− ρ
GMs
r2
+ ρΩ2
∗
r (11)
Ω∗ being the angular velocity of the Sun.
Near the solar surface, assuming again solutions to the perturbed state of
the form given by (4), and assuming the perturbations to be small, we obtain
in place of equation (5),
d
dr
[
f˜(r)
dρˆ
dr
]
+ (ω2 − 3Ω2
∗
)g˜(r)ρˆ = 0 (12)
where,
f˜(r) ≡ r2e−
1
a2
(GMsr −Ω
2
∗
r
2)
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a2
(GMsr −Ω
2
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r
2)
(13)
The Sturm-Liouville’s theory (Birkhoff and Rota7) again implies (ω2− 3Ω2
∗
)
is real.
Assuming the boundary conditions (9), we may again obtain
−
∫
∞
rs
f˜(r)
∣∣∣∣dρˆdr
∣∣∣∣
2
dr + (ω2 − 3Ω2
∗
)
∫
∞
rs
g˜(r) |ρˆ|
2
dr = 0. (14)
(14) implies that, ω2 > 0, if (ω2 − 3Ω2
∗
) > 0, so ω is real. On the other hand, if
(ω2− 3Ω2
∗
) < 0, then (14) implies ρˆ ≡ 0. So, the perturbations remain bounded
in either case, and Parker’s solar wind solution is again shown to describe the
wind to start in a stable way as it leaves the solar surface from a state of rest.
4 Discussion
The above result shows that Parker’s solar wind solution, whether it turns into
a breeze or a supersonic wind depending on the pressure in the interstellar
medium, describes a stable start for the wind as it leaves the solar surface
from a state of rest. It may be mentioned that the pressure difference between
the coronal base and the interstellar medium has been shown to influence the
wind flow in a stable way and to lead to outflow/inflow transitions of rather
catastrophic type in stellar atmospheres (Velli et al.9,10).
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